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Chapter 1

Introduction

The Sunflower Lemma is one the earliest and most beautiful results in modern extremal combinatorics,
which was discovered by Erdés and Rao in 1960. Very crudely speaking, the lemma asserts that if
we begin with a collection of large and uniform sets, then we must obtain some configuration that
has some very regular and ordered property regardless of the size of the ground set of our universe
set. This exposition aims to give insight into the lemma, as well as discuss a few applications and

modifications to the lemma.

Consider a collection S of sets S, . . ., Sk. A natural restriction we might like to impose on the sets of
S is that each pair of distinct sets S;, S; with ¢ # j have common intersection; that is, for each i # j,
S; N S; =Y for some set Y. Pictorially, one can imagine this as a sunflower where each set S; \ Y’

forms a petal and Y forms the core of the sunflower.

A sunflower with four petals. Each petal is denoted by the set S; \'Y, whilst the core is denoted by the set Y.

This leads naturally to our first definition.
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Definition. A sunflower with k petals and core Y is a family S of & sets Si, ..., Si such that for each
i#3,5N08;=Y.

We do not require Y to be non-empty; a sunflower with k petals such that S; N.S; = () is perfectly fine
as well; the core is just empty. The sunflower lemma shows the existence of a small sunflower when the
family of sets we start with is very large. Even when the family looks seemingly random, the lemma
ensures that a sunflower with & petals exist. Finding such a sunflower is quite difficult though! We

now state the Sunflower Lemma.

Theorem (Sunflower Lemma). Let F be a family of sets, each of cardinality at most €. If | F| > £!- (k — 1)*,

then F contains a sunflower with k petals.

Proof. We induct on /.

For the base case £ = 1, each set contains one element and so, each set must be disjoint from any other
set. Therefore, if | F| > ¢! - (k — 1)* = k — 1, then we can choose any k sets in F to form our sunflower

with k petals and empty core.

Now, let £ > 2 and consider any maximal family 7' = {F,...,F;} of pairwise disjoint members of

F.Ift > k, we are done since F’ forms the sunflower with k petals.

We may, therefore, assume thatt < k — 1. Let A = F; U --- U F;. Since each set contains at most ¢
elements, we first see that | A| < ¢- (k —1). Since F” is a maximal family of pairwise disjoint, it follows

that .4 must intersect every set in F’; otherwise, we could add A into F".

Since there are at most ¢ - (k — 1) elements in .4 and there are more than ¢! - (k — 1)¢ elements in F,

then there must exist some element x € A that is contained in at least

1. (k — 1)
|]-"|>£. (k—1)

W_ (- (k—1) == (k=11

sets of F. Consider these collection of sets without z; that is, consider the following collection of sets
F.={S\{z}:SeF, xS}

By our inductive hypothesis, F,, contains a sunflower with k petals. Adding x back into each of these

sets still gives us a sunflower with k petals but these sets are now also in F. Therefore, there is a
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sunflower with & petals in F, as required. O

What this theorem tells us is that even if the universe set is large, we still obtain highly regular
configurations within our family. A natural question to ask now is whether the bound proposed
in the sunflower lemma is tight; that is, can we reduce the inequality and still ensure the existence of

a sunflower?

1.1 Bounds on the Sunflower Lemma
To make the exposition cleaner, we shall define the following function.

Definition. Let f(s, k) be the least integer such that any family of f(s, k) non-empty sets, each of

cardinality s, contains a sunflower with & petals.

The sunflower lemma asserts that f(s,k) < s!- (k —1)® + 1. Is there any other bound that we can

make? Certainly!

Firstly, consider the following family: take s disjoint sets Ai,..., A; with |[4;] = ... |4 = k- L
Define the family F to be the family of sets obtained by choosing one element from each set A;; that
is, consider the family F = A; x - - - X A,. It is easy to see that |F| = (k—1)°, and each set of F consists

of s elements.

On the other hand, suppose that F contains a sunflower with k petals, say {S1,...,S;} € F. Then
foreachi € {1,...,s}, the family {S1 N A4;,..., Sk N A;} also forms a sunflower. However, since A4;
consists of k — 1 elements, this is only true when S; N 4; = --- = S, N A; = {a;}, which contradicts
the existence of a sunflower with k petals. This suggests that a lower bound of f(s, k) is (k — 1)®. In
other words, we know that

(k—1)° < f(s,k) <s!-(k—1)°+1.

Unfortunately, such a gap between a lower and upper bound is still very huge and so, much work
is spent on finding asymptotic behaviours on suitable lower and upper bounds for f(s, k). A tight
bound is still open, even for small values of k. When k = 3, the sunflower lemma requires at least
sl 2° & s° sets. Erdds and Rao conjectured that, for each fixed k, we can always find a constant C'(k)

such that f(s, k) < C*.
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Conjecture. For each fixed k, there exist a constant C(k) such that f(s, k) < C*.

There have been recent advancements on the bound. Alweiss et al. [1] recently improved the bound

to a factor of (log s)*.
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Modifications of the Sunflower Lemma

2.1 Relaxation of the core

2.2 Relaxation of the petals
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Applications of the Sunflower Lemma

3.1 Boolean Circuits
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